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Equilibria for the A^—vortex—problem in 
a general bounded domain 
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This article is concerned with the study of existence and properties of 
stationary solutions for the dynamics of N point vortices in an idealised fluid 
constrained to a bounded two-dimensional domain fl, which is governed by 
a Hamiltonian system 


* dt 

r ^ 

* dt 


dyi 
dHn 


dxi 


(zi, ...,zn) 
{zi, ...,zn) 


where Zi = (xi, yi), i = I,... ,N, 


where Hq{z) := zj) is the so-called 

Kirchhoff-Routh-path function under various conditions on the “vorticities” 
Tj and various topological and geometrical assumptions on Q. 

In particular, we will prove that (under an additional technical assumption) 
if it is possible to align the vortices along a line, such that the signs of the 
Tj are alternating and |rj| is increasing, has a critical point. 

If Q is not simply connected, we are able to derive a critical point of Hq, 
if EjeJ C' > ICCI for allJ C {1,..., N}, \J\>2. 
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1 Introduction 


The A^-vortex-problem of fluid dynamics is concerned with the dynamics of N point 
vortices zi,... ,Z]sr in an ideal fluid constrained to a two-dimensional domain 0 with 
corresponding vortex strengths (so-called vorticities) ri,...,rAr G M, whose absolute 
values determine the degree to which the surrounding fluid is curled and whose signs 
determine the direction of revolution for the surrounding fluid. It is governed by a 
Hamiltonian system 


r._ 1 

* At 

r ^ 

* dt 


dHr 


dyi 
dHn 

dxi 


(zi, ...,zn) 
(zi, ...,zn) 


where Zi = {xi,yi), i = ( 1 . 1 ) 


arises naturally as a limit of weak solutions of the Euler equations for the motion of 
the whole fluid, see e.g. [TT]- The geometry of the domain comes into play through the 
hydrodynamic Green’s function, a generalisation of the classical Green’s function of the 
first kind for the Laplacian on H, which plays a dominant role in the Hamilton function 
Hn. 

Since its derivation by Helmholtz, Kirchhoff, Lord Kelvin and Routh in the second 
half of the 19*^ century, this model has played a role in the research on fluid dynamics, 
for on the one hand its solutions provide some intuition for the more general problem 
of vorticity solutions for the Euler equations, on the other hand its applicability in 
turbulences of the earth’s atmosphere and oceans up to the dynamics of an electron 
plasma, see for example the survey article [T] as well as the monographies 

There is plenty of literature in the case that H is the whole Euclidean plane (in which 
case there are only relative equilibria of the system) or all the vorticities have the same 
sign. For research about these cases [H [3 [201 [m [231 [M] are a very good starting 
point. In particular, a lot of research has been done concerning existence, stability and 
geometrical form of stationary or periodic solutions, see for example [Il[2l[a[ini[22l[23]. 

In these papers it is crucial that if H is the whole Euclidean plane, the Hamilton 
function is explicitly given by 


H{zi, ...,zn) 


12 TiT^lnlzi -zj 
ij=l 
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Much less is known about the behaviour of solutions of (1.1), if 17 is a bounded domain. 
Hfi is then defined on the so-called configuration space 


:= {{zi,..., zn) & ■ Zi Zj for i ^ j}, 


which is an open subset of and therefore of all of . 

In case 17 is not the whole Euclidean plane, the Hamilton function, which in the 
literature is commonly called “Kirchhoff-Routh path function” is given by 


N 


N 


Hn{zi, ...,zn) = '^T‘jh{zj) + ^ TiTjG{zi,. 


'3 )i 


J=1 


*J=1 

i^3 


where G : J- 2 ^ —)> M is the hydrodynamic Green’s function with regular part g{x, y) = 
G{x, y) + :^ln\x — y\, and h{x) = g{x, x) is the so-called Robin’s function. 


Basic results concerning G, h and the dynamics of the equation (1.1) in the case N = 1 
were proven in [laiiaiie]. 

Through the Robin’s function h, interactions of the vortices with the domain’s bound¬ 
ary are introduced, which sets the problem covered here apart from the research on the 
case that 17 = C, where for instance absolute equilibria are inexistent and instead one is 
interested in relative equilibria, that is, solutions, where the distance between all vortices 
remains fixed over time. If, instead, 17 is a bounded domain, the presence of h allows for 


absolute equilibria of equation (1.1), which is the topic covered here. 


For N > 2 there exist papers of numerical nature by mathematicians, physicists 
and engineers, especially for special domains, whose Green’s function is either explicitly 
known or can be described by methods of complex analysis, we refer to chapter three of 
|21j and the references therein. 

Gontrary to that, there are only a few analytical papers concerned with the case of 
a general domain 17, notably 13 0 0 [m [n], where, under some special conditions on 


17 and the coefficients Tj, critical points of Hq and thereby stationary solutions of (1.1) 
are obtained. In m it is assumed that Tj = 1 for all i G {1, ... ,N} and that 17 is not 
simply connected. In |12j very special simply connected (“dumbbell shaped”) domains 
are allowed, but again only for the case Tj = 1 for all i G {1,..., A^}. 

Even less is known if some of the vorticities Ej are positive, others negative, so that the 
vortices are rotating in different directions. This is due to the fact that the Hamiltonian 
Hq becomes indefinite in this case, in which case the methods of the previously mentioned 
papers don’t apply. 

The paper [3] is concerned with the case N = 2, Ti = —1, r 2 = 1, and 17 an 
arbitrary bounded domain, this is the first instance where a stationary configuration 
of counterrotating vortices in an arbitrary domain is found. Lastly, in |6] a stationary 
solution of N counterrotating vortices lying on the symmetry axis of a axially symmetric 
domain is found for arbitrary N and Tj = ( — 1)* for i G {1,...,A^}. Additionally, the 
much more complicated case of a general bounded domain 17 with Tj = (—1)* is settled 
in [6] successfully for N = 3 and N = A with corrections and extensions to other values 
of Tj in [5]. 
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It shall also be mentioned that, somewhat surprisingly, in the papers o dn HU the 
Hamiltonian Hq appears as a limit functional for some elliptic boundary value problems 
in H and the existence of critical points of certain perturbations of Hq gives rise to 
solutions of these problems. Moreover, in Eli Cao et al. proved that an isolated 
stable critical point (^i, ..., Z]\f) of Hq leads to a family of stationary vector fields 
in H solving the Euler equations for an ideal fluid such that the vorticities concentrate 
in blobs near zi,... ,zn- As e —)• 0 the vorticity blobs converge towards the stationary 
point vorticies zi,... ,zj\f- Although the critical points we obtain here are not necessarily 
isolated, so that the main theorems from Eli do not apply, the methods from Eli 
can be applied as in theorem 2.4 of El- 

The goal of this article is to investigate the existence and properties of critical points 
of Hq (and hence of stationary solutions to equation ( |1.1[ )) under various conditions on 
the vorticities Tj as well as some geometrical and topological assumptions on H, but for 
general N £ N. 

In particular, we will prove more general versions of the following two theorems. 
Theorem 1.1. Let T G satisfy Y^ij^jTiFj / 0 and 

J C {1,..., A^}, I J| >2, as well as Tj = (—l)'^ |rj|, j £ {1,, A^}, where iTjl < iTj+il 
for jG{l,...,A^ — 1}. Then Hq has a critical point. 


If H is not simply-connected, we may exploit the richer topology of the configuration 
space to abolish the necessity for alternating vorticities. 

Theorem 1.2. Assume H is not simply-connected and let, as before, T £ satisfy 
/ 0 and > EijeJ iTiTjl for all J C {1,..., A^}, \ J\ > 2. Then Hq 

has a critical point. 


More general versions of the above theorems are found in theorems 2.12 and 2.13 
respectively. 


The proofs of these theorems seem to suggest that the critical point of theorem 1.1 


has the vortices zi,... ,zis[ aligned on a line through domain H such that the signs of 
the vorticities are alternating along the line, in analogy to the so-called Mallier-Maslowe 
row of counterrotating vortices (see ES]), and that the vortices in the critical point 
of theorem 1.2 are placed around a hole in H, such that the attraction/repulsion of 
neighboring vortices cancel each other out together with the repulsion of the boundary, 
but unfortunately we are able to prove neither of these results. 

However, if the domain has some symmetries, one is able to prove the above conjec¬ 
tures, see for example mm 

Another difficult and interesting problem is the question of stability of the derived 
critical points. As we shall see in the proof, we are embedding N — 2- (or N in the 
case of theorem 1.2) dimensional submanifolds into which is a 2A^-dimensional 

manifold, and deforming them along the gradient flow of Hq, therefore the derived 
critical points should have Morse indices A^ -|- 2 and N, respectively and therefore be 
unstable, provided they are nondegenerate, which in turn is a difficult problem on its 
own and is not covered here. 
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Although the problem of finding critical points of Hq is finite dimensional, the problem 
has proven itself to be considerably refractory. The most obvious difficulty is that for 
an arbitrary domain O the Green’s function as an essential part of Hq is only implicitly 
given as a solution of a partial differential equation, thus all relevant properties of 
have to be derived through the analysis of the corresponding partial differential equation. 
More importantly, Hq is only defined on the incomplete manifold and is for general 
vorticities T^ strongly indefinite. In fact, it may be the case that Hq{z) remains bounded 
for dist(z, —>■ 0, which in the model corresponds to collisions of multiple vortices 

with each other or with cAI. This lack of compactness is crucial, since it prevents us from 
using standard methods of critical point theory, such as the “mountain-pass”-theorem. 
Hence a more detailed study of the behaviour of Hq is necessary. The usual methods of 
critical point theory, all of which apply some sort of modified gradient flow of Hq are 
difficult to apply due to the incompleteness of TatH. Success in applying these methods 
is therefore intimately connected to a good analytical understanding of collisions, that 
is of flow lines z : {t~ (zq), (zq)) —)• TatH to the gradient flow of Hq satisfying 


mm{\zi{t) - Zj{t)\,dist{zi{t),dn) : i,j G {1,.. j} 0 


for t —>■ t~^{zo). This, in turn, depends very sensitively on the constellation of the 
vorticities Tj. 

The space J-jsfQ on the other hand exhibits a rich topology even for simply connected 
H, such that, given appropriate compactness properties of Hq, finding critical points of 
Hq is a rather easy task. 

The bulk of this article is therefore concerned with deriving conditions on the vortici¬ 
ties Tj and on the domain H such that the gradient flow of Hq has a compact flow line. 
The relevant condition on the Tj has in part already been conjectured in [6] and is a 
rather strict one for larger N. In particular, for general H, the ’’model case” Tj = (—1)* 
is not covered by our results, which therefore complement the results given in |^. 

This paper is organized as follows. In section we lay out suitable definitions to 
concisely state our main results, which are found in subsection 2.2 Inj^we prove some 


preliminary results concerning the behaviour of the Green’s and Robin-functions. We 
also give an abstract deformation argument which will be perpetually used throughout 
the whole article. Section is concerned with the careful analysis of the behaviour 
of Hq along “collision” flowlines. Section then provides linking properties for Hq, 
consequently proving the existence of critical points of Hq also in the case of a general 
domain H. 

As far as the general topological techniques of critical point theory such as “linking 
phenomena” are concerned, the book [25] provides a good introduction. 

The results in this paper were derived in the author’s doctoral dissertation m , su¬ 
pervised by T. Bartsch, Giessen, to whom the author wishes to express his thankfulness. 
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2 Statement of results 


In this section we give an outline of the theorems proven in this paper. We start out 
by fixing some notation and collecting hypotheses on Q and G. We are then able to 


concisely state our results in subsection 2.2 


2.1 Hypotheses and basic notation 

Hypothesis 2.1. Let 11 C C be a bounded domain with C^-boundary. A fortiori, O 
is finitely connected and satisfies a uniform exterior ball condition, that is there exists 
a constant r > 0 such that for any x G dCl there is x* G C such that Br{x*) C C \ H 
as well as X G dBr{x*). Let ko := rank7ri(H), and denote the bounded components (if 
any) of C \ Q by Qj, j G {1,..., ko}. 

For convenience in stating our results and further hypotheses, we start by fixing some 
useful notation. 

Definition 2.2 (Basic notation). The configuration space of N point vortices in H is 
defined as 

■= {z G 11'^ : Zi = Zj 4^ i = j'j , 

which is an open subset of and therefore of all of . We denote its boundary in 
by We set A^r := {t G (0, oo)^ : U < U+i Vi G {1,..., A — 1}}, and for a G C 

and u G we define the space of ordered configurations of N vortices along the line 
a + M • u through 11 to be the A-dimensional submanifold of defined by 

£Ar(a, v) := (d + ■ v) fl = {(a + tiv,... ,a + tnv) G : (ti,... ,tn) G An} , 

where a = (o,..., a) G . The symmetric group T,n on N symbols acts freely on Bn^ 
via 

Sat X Bn^ 3 (a, z) a * z := {z^-i(i),..., z^-^n)) ^ 
hence it is possible to define 


C%{a,v):=a ^*CN{a,v) 

as well as 

{a,v)^Q.xS^ 

for a G Sat. Lastly, for 0 / C C {1,..., N} it will be useful to define the orthogonal 
projection ttc by 

TTc ■ 3 Z 1-3 {zj)j^c £ 

Definition 2.3 (Reflection at dO). Since H is there is e > 0 such that the orthogonal 
projection 

p : He := { 2 ; G H : dist(z, dO) < e} —)■ <911 
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Figure 1: A configuration z G £5 (a, u) C where a 


(12) (345), compare def. 


2.2 


is a well-defined C^-map satisfying \p{z) — z\ = dist(z, dQ). The reflection at Sfl is then 
defined as the C^-map 

fig 9 z !->• z := 2 p{z) — z € C. 

Here and in all what follows, when talking about differentiability, we regard C = M^, 
and thus mean differentiability in the real-valued sense. We regard H C C simply 
because the elegant geometrical properties of complex multiplication allow us to state 
some things more concisely. Additionally, in what comes we will always abbreviate 
d{z) := dist( 2 ;, dQ). 

We are now ready to state the general sufficient assumptions on the function G for 
carrying out our arguments. 


Hypothesis 2.4. Let G : ^ 2 ^ —>• M satisfy the following hypotheses: G is bounded 
below by some constant Cq and has logarithmic singularities on the diagonal in H x H, 
more precisely, the map ^2^ B (x, y) 1—>■ G(x, y) + ^ In |x — ?/| G M has a continuation 
g G (7^(0^), which is bounded from above by some constant Gi > 0. Thus, we may 
write 


G{x,y) = gix,y) - — ln|x-y|. 

Further, for every e > 0 there is C 2 > 0 depending only on H and e such that 


( 2 . 1 ) 


\G{x,y)\ + |V,G(a;,y)| + \VyG{x,y)\ < G 2 ( 2 . 2 ) 

for every x,y £ Q with \x — y\ > e. Similarly, there is a constant Ca > 0, also depending 
only on e and H, such that 


\^p{x,y)\ + \V:i:i^{x,y)\ + \Vy'il;{x,y)\ < C 3 , (2.3) 

for every x,y G Hg, where •i/j{x,y) = g{x,y) — ^ln|x — y| and x 1 —)• x is reflection at 
9H. Further there exists a constant C 4 > 0 such that for any line L = Mu + u; C C with 
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L n ri 7 ^ 0 


(2.4) 


G{w + rv, w + sv) — G{w + rv^ w + tv) > —G^. 

for all r < s < f, for which the left hand side is defined. 

Concerning interesting candidates for a function G satisfying the above hypotheses, 
we have the following result. 


Theorem 2.5. Green’s function of the first kind for the Dirichlet Laplacian in satisfies 


hypothesis 2-4 


Rather than the regular Green’s function for the Dirichlet Laplacian, the single most 
important class of Green’s functions G for fluid dynamics is the class of so-called hydro- 
dynamic Green’s functions, which we will now introduce. An excellent motivation and 
introduction to the topic of hydrodynamic Green’s functions is provided by m 


Definition 2.6 (Hydrodynamic Green’s function). The hydrodynamic Green’s function 
with periods 7 o,---, 7 fco ^ subjected to the condition ~ unique 

solution G G G‘^{F 2 ^) of the problem 

'-AGi;y) = 5y 
{VxG{x,y),Tx) = 0 
fan, f^xGix, y), Vx) ds(x) = 7 ^ 

Jan^i^’h) (VxG(x,z),iyx}ds(x) = 0 

where dfio = dfl\ Ujii 

Using this dehnition we have the following 
Theorem 2.7. Any hydrodynamic Green’s function satisfies hypothesis\2.4\ 


for every y G D 
for every y G D, x G 9D 
for every j G {0,..., ko} 
for every y, z £ Q, 


We postpone the proof of the last two theorems until the next section. Having these 
results in mind, we will in the following by slight abuse of language refer to any function 
G satisfying hypothesis 2.4 as a (hydrodynamic) Green’s function on D. 


Definition 2.8. For F G we dehne the Kirchhoff-Routh path function for vortices 
with vorticities Fj, i G {!,..., N} to be the function 


N 


N 


^n ■ 3 ( 21 ,..., Z]sr) I—7- T‘jh{zj) TiTjG{zi, zfi) G M, 


i=i 


*7=1 

*7^i 


where the function G satisfies hypothesis 2.4 and h{x) = y(x, x) for all x G D. If the 
parameter F is understood, we will drop it from the notation, writing instead of 

Let us conclude this subsection by specifying the necessary technical conditions on the 
parameter F. 
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Definition 2.9 (A-admissibility). We call a parameter F G A-admissible, if for 
every CC A}, |C| > 2: 

E / 0. 

ijec 

i¥=j 

Definition 2.10 (ci-admissibility). We call a parameter F G 5-admissible, if for 
every C C {1,..., A}, \C\ > 2: 


EF> E ir.r^l- 

iec jjec 

i¥=3 

If n is strictly convex, this condition may be replaced by 

EF> E lr.r,|. 

i&C i,jeC 

Tirj<o 


Without any geometric or topological assumptions on If we need more specialised 
parameters F in order to derive positive results. These conditions are stated in the 
following definition, which shall conclude this subsection. 

Definition 2.11 (£-admissible parameters). A parameter F G is called £-admissible 
if there is fi G S^r such that i((T=t:F) G Atv or —i(cj=i=F) G Atv, where t : —)• is the 

involution i—)■ ((—and the closure is to be taken in (0, oo)^. 

Similarly, we call F strictly £-admissible, if t(cr * F) G Ajy or —i(cj * F) G Ajv- 


The intuition behind the definitions |2.9| and |2.10 is simple: the idea is that A- 
admissibility prevents collisions of vortices inside the “diagonal” A = {z G : Zi = 
Zj for some i ^ j} from happening while the energy Hq of the system remains finite. 
Since TiTjG{zi, zj) becomes large if Zi and Zj collide inside 11, we may regard the quan¬ 
tity FjFj as a kind of “collision weight” associated to the vortices with indices in 

i¥=j 

C. Since r‘jh{zj) —)■ —oo if zj —)■ dQ, we may, by the same intuitive reasoning, regard 
the quantity ^ kind of weight for the boundary interaction of the vortices 

Zi, i G C, and the condition of 9-admissibility then simply states that the boundary 
interaction outweighs the collision weight, a condition which presents itself naturally in 
the proof of lemma 4.5 as we may see later on. 

The condition of £-admissibility means, that one is able to align the vortices zi,..., zn 
along a line in such a way that the signs of the vorticities are alternating and their moduli 
nonincreasing. The motivation behind this is the physical intuition that it should be 
possible for vortices aligned on an axis, that the repulsion between two neighbouring 
vortices of opposite sign is cancelled out by the attraction to the next but one vortices, 
whose vorticities have the same sign again, in analogy to the well-known Mallier-Maslowe 
row of counterrotating vortices. 
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2.2 Main results 


Equipped with these definitions, we are now able to concisely state the theorems proven 
in this paper. 

Theorem 2.12. For any N and any C-admissible, d-admissible and A-admissible 
parameter T G , the Kirchhoff-Routh path function Hq has a critical point in 

If n is not simply-connected, we may exploit the richer topology of the configuration 
space to abolish the necessity for alternating vorticities. 

Theorem 2.13. Suppose that 7ri(n) ^ 0. Then for any G N and for any d~admissible 
and A~admissible parameter T G the Kirchhoff-Routh path function Hq has a 

critical point in 

As work on these results started out, the paper [6] was the main starting point for the 
research conducted here. As of this writing, [6] and the recent preprint [5] are the only 
references known to the author dealing with N > 3 vortices having both general and 
alternating signs of vorticities. Without symmetries of the domain only the cases N = 3 
and N = 4: have been treated in mu- For larger values of N the problem turns out to 
be a much more difficult one. The paper at hand is a first step in this direction providing 
criteria on the vorticity vector T which guarantee the existence of critical points of 
for arbitrary N. The author believes, partly based on numerical simulations of the 
problem, that the severe restriction of ^-admissibility is in fact unnecessary and may 
be completely abolished or at least be weakened, as it is done in [HI [5] for A" < 4. A 
detailed investigation of the influence of symmetries going far beyond the results in |6] 
can be found in HZIIIH]. 


3 Preliminaries 


3.1 Preliminary results 


This section is concerned with the proof of some preliminary results. We start out by 
proving the preliminary theorems |2.5| and |2.7[ 


Proof (of theorem 2.5). All of the conditions in 2.4 are either well known properties of 
the Dirichlet Laplacian, see for example m or verified in [6] except for property ( |2.4[ ), 
which is a slight sharpening of the result given there. 

To see that (2.4) holds assume on the contrary that there is a sequence + 

of lines with P n Ln 7^ 0 as well as rn < Sn < tn such that 


G{^an “1“ r^Vn^ CLyi Sn^n) Gi^Oyi On T tnVn) t OO (3.1) 


as re —>■ oo, where by selecting appropriate subsequences we may take the sequences 
{on) C P and {vn) C to be convergent to some a £ Q and v £ S^, respectively. 
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Now since G is bounded below (|3.1l) implies 


G{Xn, Zn) = g{Xn, Zn) “ 7:^ In |tn “ ^nl OO, 

ZTT 

hence \tn — r^l —>■ 0, such that r„, Sn, tn ^ t as n ^ oo, since g is bounded from above, 
and where we abbreviated Xn ■= an + TnVn-, Un ■= an + SnVn, Zn ■= an + tnVn- 
If a + tu G bl this leads to a contradiction via 

G{Xn, Un) - G{Xn, Zn) > G - ^ lu ^ - — > G - lul = G, 

2 tT tn - Tn 

for some constant C, since g is bounded on compact subsets of x fl. 

Thus a + tv ^ dCl, so if n is large enough, Xn,yn,Zn G ble, where we may use the 
approximation 

m \ m \ ^ 1 \^n ~ yn\ \Xn ~ Zn\ 

G{Xn,yn) -G[Xn,Zn) = — In—-r • -r +C>(1) 

27r \Xn Zn\ \Xn yn\ 

as n —)• OO. Considering the differentiable function 


/ : (r„,oo) 3 






e 


we easily compute 


/'(«) = 2 


( Ojfi CXVn} “t“ {Vn-j^n Gn OI'Ujt,) \Xn Gn 


\G^n Gfi OiVfi 
\‘2 


{Vn.l^Xr,) a - rn){a - Vn) + 2 {Vn^TuVn - O-Vn) \Xn - Gn - aVr^ 

l^n Gfi 0^1^72 1^ 


i^dx^ {Xn^^Xn} “t“ (cfc Tn) 


\G^n Gn T^Tnl 


+{rn - a) {Adl^ + (r„ - a)^ - 24 „(r„ - a) {vn, i^xj) ^ 
^dljvn - a) 


l^n Gn Q^'^nl 

thus / is decreasing, in other words 


< 0 , 


\Xn yn\ f! \ \ 

= f[Sn) > f[tn) = 


hence 


from which we deduce 


\Xn - ynp " ' ' " ' ' \Xn- Zn\ 

\Xn 2/n| \Xn Zn\ ^ ^ 

\Xn Zn\ \Xn yn\ 


G{Xn, yn) - G{Xn, Zn) = 7^ In ^ + 0(1) 

27r \Xn-Zn\ \Xn - yn\ 

> lnl + 0(l) = 0(1), 

as n —)• oo, which is the desired contradiction. 


□ 
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We continue by proving theorem 2.7 


Proof (of theorem 2.1). Nearly all of this follows from the fact that there is a symmetric 


positive semidefinite matrix {g 


kl\ 


such that 


/co+1 


G{x,y) = G°{x,y) + ^ g’^^Uk-i{x)ui-i{y), 

k,l=l 

where G^ is the Green’s function of the Dirichlet Laplacian in n and the are the 
unique solutions of 

{ Auk = 0 in n 
Uk = dki on diti, 


see 


proposition 7.By assumption 2.1 on each of the Uk has bounded gradient and 
is bounded by the maximum principle. Therefore (2.1), (2.2) and (2.4) are immediate 
and so is (|2.3|), since 


'ipix,y) = g{x,y) - ^ln|x-y| =go{x,y) -'^g^^Uk{x)ui{y) - ^ln|x-y|, 


k.l 


in other words ifix, y) = '4>o{x, y) — J2k 19 ^^'^k{x)ui{y) and we are done. 


□ 


Concerning the analysis of the boundary behaviour of Hq, the condition (2.3) is of 
course crucial. The detailed study of boundary collisions will be postponed until chapter 
1^ but by then we will need a technical lemma, which may be a simple case of some general 
theorem known to differential geometers. 


Lemma 3.1. There is £ > 0 such that 

Dp{z)v = - -w {x, Tz) Tz 

i 

T)VzV = - - {Tz, v) Tz 

1 - Kzdz 

holds for any z G Qe, where Tz is the unit tangent vector to dQ at p{z), such that the 
basis {tz,i^z) is positively oriented and Kz is the curvature of dQ at p{z) with respect to 
the induced orientation of dO.. 


Proof. This is an easy application of the implicit function theorem. 


□ 


Lemma 3.2. There are e > 0 and constants Gq,Gt,Gs > 0 depending only on 11 such 
that the inequalities 

max{d(x) + d(y), Ge,\x - y\} <\x -y\ <\x - y\ + 2d{y) (3.2) 

\x - yl"^ > G 7 \p{x) - p{y)\'^ (3.3) 

||x-y| - |x-y||^ < Gsidix) + d{y))\p{x) - p{y)\'^ (3.4) 

hold for any x,y 
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Proof. Concerning the first inequality consider the straight line joining x and y. This 
line intersects at some point z G dQ,, which implies 

\x — y\ = \x — z\ + \z — y\> d{x) + d{y) = d{x) + d{y). 

The other direction is immediate from the triangle inequality, since 

\x -y\ = \x - y + y -y\ = \x - y + 2d{y)h'y\ < \x - y\ + 2d{y), 

and the other inequalities are verified as (2.1), (2.4) and (2.5) in [6]. □ 

With this notation, we have the following theorem, which lies on the very foundation 
of this thesis. Its proof is similar to the one given for the case of axially symmetric 
n in [6] but works out just as well for general T-admissible parameters T without any 
assumptions on symmetry. 

Theorem 3.3. Let T be C~admissible with corresponding permutation d G and 
let a G {ad, a}, where d G is the order-reversing permutation. Then is 

bounded above, and fixing a line L = a + Mn C C with a G C \ fl, n G 5^ and O n L / 0, 
we have that 

^o|£^(„„)( 2 ;)-oo as z^dC%{a,v), 

where the boundary of the N-dimensional submanifold Cff{a,v) of is to be taken 
in . 

Proof. Let P be £-admissible. Since the change T i—)• —T leaves Hq^ unaffected we may 
assume without loss of generality that Tj = (—Ij-^lTjl and iTj+il < |rj|. Thus takes 
the form 

N N 

Hn{x) = J^r|h(x,) + ^ {-ir+fiTiTfiG{xi,xfi 

j=l i,j=l 

N N-l 

= Y,^]h{xfi + 2Y,Gfix), 

j=l i=l 

where for N — i even we have 

N-i 

Gi{x) — ^ ^ iTjl f |rj_|_2fcIG(Xj, Xj-|_2fc) \Ti-\-2k—l\G(^Xi, Xi-\-2k—l) j ; 

k=l ^ ^ 


whereas for N — i odd 


Gi{x)= ^ |rj|Mri+2fc|G'(Xi,Xj+2fc) - |ri+2fc-l|G'(Xi,Xi+2fc-l) j - |rirAr|G(Xi,XAr) 

k=l ^ ^ 
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We now are able to infer from hypothesis (2.4) that for any line L = {a + tv : t € M} 
with a G dQ, v G S^, and such that O H L 7 ^ 0 


G{a + rv, a + sv) — G{a + rv, a + tv) > —C 4 


for all r < s < t for which the left hand side is dehned, so combining this result with the 
condition |rj_i| > |rj| and the fact that G > Gq we get for a x G CN{a,v) and N — i 
even, that Gi{x) is equal to 


N-i 

2 

Eir. 

k=l 


^i+2k\{ G[Xi, X-i^2k} G(^Xi, Xi^2k—l) ) 4“ (|ri-|-2A:| I bj+2A:—11 )G(Xj, Xj_|_2fc—l) 


<C4 


<0 


N-i 
2 

sE 

k=l 

whereas analogously for N — i odd 


^|rirj+2fc|C'4 + iFji (|rj+2fc 


|ri+2fc-i|) Go ), 


Gi{x) < (^|rirj+2fc|C'4 + IFil (|rj_|_2fc| — |rj_|_2fc-i|) Co^ — |rjrAr|G(xj,XAr) 

k=i ^ ^ '' ^ 


>|r,rjv|Co 


Since by hypothesis |2.4| h is bounded from above by Gi , this gives the required upper 
bound. 

Now fixing a and v, every z G CN{a,v) has a unique representation z = a + tv with 
t G Atv, where d := {a,a) G C^. Setting 

7^ := {t G : d + tv G 


as well as 

E 'E 3 1 1 —y H^{d tv) G M, 

we have to show that E{t) —)■ —oo as dist(t,cl7^) —)■ 0. Therefore consider a sequence 
{G) CTZ with the property that G —)> dTZ as n —)> oo. Let us hrst consider the case that 
d{a + f^v) —)• 0 as n —>■ oo for some /c G {1,..., A}. Since j\G{a + 

u, a + fjv) is bounded from above as n —)• oo and h{a + t^v) —)• —oo for n —)• oo we 
infer that indeed E{t'^) —)• —oo as claimed. 

Hence we may assume that 


liminf d{a + Gv) > 0 

n^oo 


for all j G {1,..., A} and that 


''fc+i 


— 

ih 


0 as n —)■ oo 


(3.5) 


(3.6) 
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for some k G {1 ,... ,N — 1}. By assumption (3.5) the first two sums in 


N 


N 


N 


E{n = Y, T]h{a + t]v) + ^ r,r,< 7 (a + tfv, a + t]v) - ^ (-1)*+^'^ In \t^ - t 


j=i 


*.i=i 


*J=1 

i¥^j 


27r 


remain bounded as n —)■ cx). We then expand 
N N-l N 

j:(-ir+J|r.rj|in|i”-«”| = 2 j; 5] (-i)‘«|r.r,|i.,|(”-*”| = 2 ^ iTil In-ipiit), 

ij=l i=l 

where for N — i even 


Af-l 


Z=1 


N-i 

2 


= n 




N-i 

2 


, . — > TT It”, n- —/"■||ri+2il-|ri+2j-i| > n 

LI kn _+n||r,+2j_i| - li 

=1 ri+2j-l ''i I j=i 


and for N — i odd 


Mt) = 


V —1 — 1 


c 


\tn-0rN\ II 

for some constant C > 0, since |rj+ 2 fc| — |rj+ 2 fe-i| < 0. It thus remains to show that 
V’fc(^”) oo for re —)• oo for some k G {1, ... ,N — 1}. Let k be maximal satisfying (3.6). 
If /c = — 1 we infer V’Ar-i(i”) oo for re —>■ oo and the proof is done. Otherwise there 
is (5 > 0 such that 

5 < \t]+i - ^ for all j>k (3.7) 


and re sufficiently large. Therefore, if At — A; is even, 


l\ —K 


C ■ 


l‘E+i-‘2l'‘’‘+‘' B l<S+2,-i - “ l‘?+i - 


OO 


as re —>■ OO by (|3.6|) and (|3.7|), whereas ioi N — k odd 

1 


i'kit) = 


N-k 

2 

n 


K+2j - tlf-*'-' 


l‘i+1 - l<K - tii'''"' B I*2+2 j-i “ 

C . (5irfc+2l+i 


> 




oo as re —)■ oo, 


again by (3.6) and (3.7) and the proof is done. 


□ 
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3.2 A general deformation argument 

For simplicity in stating our results, we find the following definition useful: 

Definition 3.4 ((^-complete deformations). Let X be a topological space and let (p be 
a flow on TnQ. We call a family /3 C [a] G [X, XArfi] of homotopic maps (/^-complete, if 
for any a € l3 and any continuous map T : a(X) —)■ [0,oo) such that T{x) G [0,f''(x)) 
for all X G a(X) the map 


X 9 X I— ip{T{a{x)),a{x)) G TjyQ 


is in /3. 

Denoting the gradient flow of by 

p : IJ X {z} XatD, 

in the sequel, we will frequently use the following 

Lemma 3.5 (general deformation argument). Suppose there is a subset C C XtvD, such 
that Hfi is bounded above on C by a, that is 

supiL^I^ = cr < oo. (3-8) 

Further let X be a topological space, /? C [a] G [X, XatD] he p-complete, and such that 
for any representative a ^ j3 the intersection 

a(X)n£^0 

is nonempty. Then, fixing some representative ao, there is x £ ao{X), such that 

lim Hn{p{t,x)) < oo. 

t^t+{x) 

Proof. Assume not. Then for every x G q;o(X) there is a minimal T{x) G [0,t'’'(x)) 
such that 

Hn{p{T{x),x)) = a + l. 

Since for each x G ao{X) Hq, o 'fi{-,x) is strictly increasing (otherwise we are done), the 
map 

T : ao(X) 3 x i—)• T{x) G M 

is continuous. It follows, that unambiguously defining 


at:X3^^p {tT{ao{0), ao(0) ^ 


where t G [0,1]: oq — ai and ai G (3, since (3 is (^-complete, hence there is ^ G X with 
ai(^) G £, but iff 2 (ai(^)) = a + 1, in contradiction with (3.8), and we are done. □ 
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4 Singularities of Hq 

This section is devoted to the study of Hq near collisions with the boundary dil or with 
each other away from the boundary and to give conditions on T and which prevent 
these. 

The goal of this section is to prove the following 

Proposition 4.1. Let T G be d-admissible and A-admissible. Then there is S > 0 
such that \VHq{z)\ > 1 for every z in A4s, where 

A4s ■= {z G TtvO : \zi — Zj\ < 5 or d{zj) < 6 for some i,j G {1,..., N}, i ^ j} ■ 

In particular, Hq satisfies the Palais-Smale-condition. Further, if there is z G 
such that 

lim HQ{ip{z,t)) < oo, 

we have t~^{z) = oo and there is a sequence Sn —>■ oo such that defining z^" := ip{z,Sn), 
we have 2 ;®" —)■ 2 * G where VH^{z*) = 0, hence Hq has a critical point. 

The proof of proposition |4.1| of course involves a detailed study of the behaviour of 
Hq^ near its singularities. The functional Hq, has singularities at the boundary of 

in C^. This boundary consists of points z G Ft with Zj G dFL or Zi = Zj for some 
indices i,j G {1,..., A'"}, i ^ j, corresponding to collisions of vortices with the boundary 
or with each other in 12, respectively. 

In order to deal with the problem of collisions effectively, we first introduce some 
convenient notation for dealing with different types of collisions of vortices within Ft, 
corresponding to the respective parts of the boundary dFj\fFl of FnFI in C^.In order 
not to get too deep into technicalities already in the introduction, we state the results 
in a simplified rather than their fully general version in order to give an overview of the 
topics covered. 

First note that collisions of vortices correspond to partitions of the set {!,... ,N} as 

—N 

follows: Given a point z G Fl , we define 

Vz := [C : Zi = Zj ^ i,j G C} , 

which is clearly a partition of {1,..., A^}. We call an element C G V a cluster, if it has 
more than one element itself. Denote the subset of clusters of Vz by C{Vz). Now for 
C gVz define zc to be the unique element of {zj : j G C}. With this notation, the proof 
splits essentially into two major cases of types of collisions which have to be excluded. 
The one which can be settled most easily is the case of interior collisions, that is, given 
an initial value zq G FnF there exists a point 2 ; G OFnFI, such that the partition Vz has 
a cluster C G C{V) satisfying zc G D, such that (p{zo, t)j zc as t ^ t'^{zo) if and only 
if j G C. We denote the set of interior collision points as 

= {z G OFnFI : 3 C G C{Vz) such that zc G Ft} . 
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Note that this does include the case of vortices colliding with the boundary, as long as 
there are some other vortices, which collide inside O at the same time. 

The second case, which in the following is termed ’’boundary collisions” is more com¬ 
plicated to settle. In this case the collision point z G satishes zc G dQ for each 

cluster C G C{V), and it holds that ^{zq, t)j zc ast ^ for all j € C, C € C{Vz). 

We denote the set of boundary collisions with 


= {ze : V C G C{Vz) : e • 

Clearly is the disjoint union of these two sets. 

Before we turn to the proof of proposition 4.1 we state some essential lemmata which 
help us settle the above two cases. 


4.1 Interior collisions 

Lemma 4.2. Let T be A-admissible and for any partition V of {1,..., N}, C G C{V) 
define 

Jc '■ -T/vC 3 z r^Tj In Izj — Zj\ G M, 

i,j&C 

Tp ! TjvC 3 z I —y E JcWeK. 
ceC(P) 

Further define the constant Cr by 


Cr '■= min min 
"P partition C&C{'P) 




t,jec 


which is positive since T is A-admissible. With this notation the inequality 


\VJ'P^{w)\>Ct max iy^lwi-zcy 
C&C{Vz) ' ^ 


\i&C 


holds for every z G w G TjvC. 

Proof. Fix points z G diF]\fC, w G TnC and some cluster C G C{Vz), put zc ■= 
{zc ,..., Zc) G and define 

jc : (0, oo) 3 r 1-7 Jcizc + r{w - zc)) G M. 


Then 


j^(i) = r,r,- / 0 

i,jec 
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and letting cc '■= \j'(j{l)\ we infer 


0 < cc = |jc(l)l = l(VJc(u>),u; - zc)\ < \VJc{w)\ ■ ( X] 1^* “ 

Vise 


for any w G Together with min cn > Cr and 

CeC(P^) 


ivjj>.(iii)i = ivjo('®)n £ j^-'c(«o)i 

IcSTp.) ' 


the claim follows. 


□ 


Lemma 4.3. Let T be A-admissible and z G with corresponding partition Vz, 

and let C G C{Vz) he an interior collision cluster, that is zc G fl. There exists (5 > 0, 
such that for each z G Us{z) n TatO.’ 


|V/fn(^)l > g 



1 

2 


Proof. We decompose Hfi as 


Hn{z) = -^■^'P-Az) +K{z), 


where 


N 


k(z) = Y.PM»)+ E Er.r jg{zi,zj) + E Fr jG{zi,Zj). 


i=i 


/ec(p^) ijai 


3 I,J&'Pz,i&I,j&J 

/nJ=0 


Fixing some interior collision cluster C, we have 


\yHniz)\ > \VHniz)\c = 


-^VJrAz) + ^K{z) 


c 


> ^\^Jrziz)\c - \yKiz)\c = ^\^Jciz)\ - \yKiz)\c 
> h^Mz)\ -^T]\vh{zA\ - Y1 {\VzMz^,ZJ)\ + \Vz,gizi,zj)\) 


j&c 


i,j&C 


(4.1) 


- |r,r,||v,,G(z„, 

iecj^c 


19 



where for ( G C^: |C|c := KcCI) and ttc ■ {z G : zj = 0 if j 0 C} is the 

orthogonal projection. For z G define 


rc(z) := min < min \zi — 2 ,j, mindistiz,, 50) > . 

[iecj^c' jec '} 

Since 5o := rciz) > 0 and rc is clearly continuous, there is 5 > 0, such that rc{z) > ^ 
for every z G f7^(z) n which by means of hyothesi s|2.4| implies that on C/^(z) n 
the last terms of (4.1) are bounded by some constant C > 0. 

Now applying lemma 4.2 yields 


\^Hniz)\ > 


Cr 

27r 


^ \zi - zci^ 


-C. 


\iec 


Since { \zi - zcP 
\iec 

every z G Us{z) H J^atO: 


so that 


oo for z —>■ z, we may choose some 6 G (0, 5), such that for 


^\zi-zc\'^\ > 

\i&C / 




Cr 

47r 


^ \zi - 


dvrC 


\i&C 


which is what we were to show. 


□ 


4.2 Boundary collisions 

Now we study the behaviour of near 5bdry.CArO. Let therefore be z G 5bdry.^7vO, that 
is Vz is a partition of {1,... ,N}, such that we have distinct points zc G dQ for every 
cluster C G C{'Pz)- It may as well be that C{Vz) = 0- In this case we have f G JvvdH. 

Settling the case of interior collisions is relatively easy since, away from 512, the loga¬ 
rithmic singularity of G dominates the interaction between vortices. If two vortices x, y 
are near to the boundary and to each other, this is no longer true, since then the term 
g{x, y) cannot be neglected. The next lemma is the key to the understanding of the 
interaction taking place between vortices near the boundary. 


Lemma 4.4. Setting 

A(x, y) := 27r {{VxG{x, y), + {VyG{x, y),dyUy)) 

for x,y G fie, we have 


A{x,y) 


{x-y,Vyf _ {x - y,Uyf 
\x — y\‘^ \x — y\^ 
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as well as 


\A{x,y)\ < l + o(l) 


as x,y ^ xq G dQ. Moreover, if VL is strictly convex, we have 


o(l) < A{x,y) < 1 + o(l) 


Proof. By hypothesis 2.4 we may write 


G{x, y) = —— + 0(1), 

27r \x — y\ 


as X, y —)■ xo G dO., and the approximation holds in the O^-sense, therefore (since 
X = 2 p{x) — x) 


2'kV^G{x, y) = (2Dp(x) - id)T^^—^ ^ + 0(1) 


y — X X — y ^ 2 


\x — yp |x — yp 
X - y 


|x-yp |x-yp I - Kxdx \\x - y\‘^ 


,Tx)Tx + 0 ( 1 ), 


which leads to 


|x — yP |x — yP ’ 



,, , ,y — X X — y , \ / X — y y — x , , 

-745 “ T::-- jy- 71 ^,dyiyy ) + o(l) 


|y — xp |x — yp ' 


y - X + 2dxi^x j _. \ , IX - y + 2dyVy ^ \ x-y 


\x - yp 


= 2 



-, dx v'x ) 4“ 


4 ^ 4 


\y- X 


2 ’ 


d'liiy,/ ) 



|x - yp 


I dxl^x dyV^y ) 4“ o(l) 


|x — yp |y — xp 


|y - xp 
, dxl^x dyl^y ) 4“ 0(1) 


= 2 


d. 


d? 

x , “y 


+ 


X — yP |y — xP 


, dxl'x \ / dyV'y 

+ ^ ^ / + V ^ - 

x-y 
|x - yp 

dyUy dxl'x \ T 

+ ( X - y, --^ ^ ) - 1 

|y — xp |x — yP 

x-y 


+ 


|x - y|' 


r,p(x) -p(y) ) +o(l) 


Since p(x) — p{y) = Dp(y)(x — y) 4- o(|x — y|) we have, using lemma 3.1 
A{x,y) = 2 


di 


+ 


dl 


X — yP |y — ipp 


dyUy dxl'x 1 T 

+ ( X - y, ^ - 7^-^ ) - 1 


|y — xP |x — yP 
2 


+ 


{x-y,TyY 


{I - Kydy)\x - yY 


+ 0 ( 1 ) 
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= 2 


dz 


dl 


|x — yp \y — xp 


x-y, 


dxl^X - dyUy \ ^ {X-y, Ty) 


-{x- y^dx^x) 


x-y\‘^ / {I - Kydy)\x - y\‘^ 

1 1 


-1 


|x — yp \x — yp 


(4.2) 


+ 0 ( 1 ). 


We shall now see, that the whole last line of (4.2) is in fact o(l): 
1 


{x - y, dxVx) 


1 


< 


X — yP \x — yP 
dx\x - y\ 


< dx\x - y| 


1 


\x - yP|x - y| 


,-712 


|x - yp - |x - y| 




\x - yP|x - y| 


,-712 


M f -,,2 ^ ~dx{dx + dy)\x - y]"^ 

c{dx + dy)\p{x) - p{y)\ <c—^ -— 3 y^-|x-y| 


|x - yP|x - y| 


< c|x — y| = o(l) 


for some constants c, c > 0, where we used lemma repeatedly. For the sake of a more 
readable presentation, we continue by estimating the second term of (4.2) separately. 


x-y, 


dx ^X dy Vy 


|x - yp 


\X — y\^ / |a; — yp \|x —yp 

X — yp ! X — y 1 


^ ^,p{x)-p{y) 


X - yp \ |x - yP’ 1 - Kydy 


{x-y,Ty)Ty + o{\x-y\) 


|x-yp {x-y,TyY 


|3;-yp {I - Kydy)\x - yY 


+2 + 


Therefore 


A(x,y) = 2| 


d. 


d‘^ 

X “y 


|x - yp (x - y,Tyf ( 1 


X — yY \y — xY j |x — yP 1 — Kydy \|x —yp \x — y\ 


+ 


- 1 + 0 ( 1 ) 


= 2 


di 


'X , “y 


+ 


X — yp |y — xY I \x — y\ 


, / \2 
+ (x - y, Ty) 


1 1 
+ 


+ {x-y,Ty)^ 


1 1 
+ 


X — yp |x — yp 
1 


- 1 


- 1 + 0 ( 1 ). 


|x-yp |x - ypy VI - 

Since |y — x| > c|x — y| for some c > 0 and dy = o(l), whereas Ky is bounded, the last 
line of the preceding formula is again o(l). Since |x — yp = (x — y, r^)^ + (x — y, r'y)^ we 
may then rewrite A(x,y) as 


A{x,y) = 2 


dl ^ dl 


= 2 


k - yp 

l^“yP |y“^P/ 1^; —yP 
f dl 


+ {x-y,Ty)^(^ 


+ 1 -TTT 1 —l + o(l) 


+ 


dl 


X — yP |y — xY 


^ - (x-y,i/y)^ 


X — yP |x — yP 

1 


+ 


X — yp |x — yP 


+ 0(1) 
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1 


= 2 


(f + (f 

Ux -t Uy 2 


1 


+ 


-2di 


1 


\x — yp \x — yp 

1 


|x — yp |x — yp 


+ 0 ( 1 ). 


Again, the last line is o(l), since 
1 1 


dt 


X — yP \x — yP 


dl\\x-y\‘^-\x-y\^\ dl\p{x)-p{y)\^ 

< C— -- —■[dx+dy)=o{l), 


\x - yP|x - y| 


,-712 


\x - yp|x - y| 


7712 


which is also obtained using lemma 3.2 In the following we abbreviate a = {x — y, Vy), 
j3 = {x — y, Ty), hence 

x-y = avy + jdxy, 

x-y = x- y + 2dyVy = (a + 2 dy)vy + fdry, 


dx = dy + T>d (y)(x - y) + d {y)[x - y,x - y] + o(|x - y| ) 
= dl + 2dy {x - y,Uy) + {x-y, (id-Dp(y))(x - y)) +o(|x - yp) 


— dy + 2 cvdy + o?' + /3^ — 


1 ^y 


— dy + 2o'dy + ( 1 — 


1 


1 ^y ^y 


p2 + o(|x-yp) 


+ o(|x-yp) 


— ^‘y 2Q:dy + c? + o(|x — yP)) 

which implies 

4d^, + 4ady + 20? — c? 


A{x,y) = 


a 


{a + 2dyY + + (3“^ 


+ 0 ( 1 ) = 


(a + 2 dyy 


a 


{a + 2dy)2 + a"^ + /3^ 


+ o(l), 


which is precisely our first claim. The second claim also follows easily, since £ [0,1] 

for every ^ G M. 

We will now show that the above is in fact nonnegative up to an error of o(l) if O is 
strictly convex. 

First observe that A{x,y) = o(l) for /? = 0. On the other hand, setting f{t) := 
for P 7 ^ 0 and t G M we may apply the mean value theorem to get 


A{x, y) = f{a + 2 dy) - f{a) + o(l) = 2 dyf'{i) + o(l) = 


^dy?\ 

(^ 2 +/ 32)2 


+ 0(1) 


for some ^ G [a, a + 2dy\. 

Now define a = {x — y, Uy) and a' := (y — x, Ux)- In the sequel, we will show that for 
any x, y G fig one of both scalar products is nonnegative if |x — y| is small enough. 

Assume on the contrary that there are sequences (x"^), (y"") C fig with lx"" — y”! —)• 0 
as n —)• oo such that an = (x"" — y"^, Uyn) < 0 and a'^ = (y" — x", Vx'r^) < 0 for every 
n G N. Then we have 


0 > «„ + a), = (x"- - y"-, i/yn - i/j-n) = (x” - y"-, -Dr'yn(x” - y"-) + o(|x"' - y"-|)) 
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= (X^- y^, 


1 tvyXl dyl' 




1 — KynCLyn 


hence ^5^ ;= (x” — y”, Tyn)"^ = o(|x" — y^P), since Ky > e for all y £ Qs and some e > 0 
if n is strictly convex. Since + /3^ = lx"" — y""!^ we infer 


n _ _ -y _ r'n _ _ y 

n _ o/n|2 l^n _ yn\2 


a. 

\x"' — y 


as n —)• oo, which implies 


CXr] 


\xn _ yn| 


-1 


as n —)■ OO, since we have assumed < 0. It follows that 


-1 


CXn ^ O^n 

_ yn| — y'^\ 


0l 

1 — Kyndyn |x” — y” 


+ o(|x- 


2 /"l)^0 


as n —)• oo, which is the desired contradiction. 

Hence for every x,y £ sufficiently close to each other, one of the two scalar products 
a, a' is nonnegative, and since A{x, y) is symmetric in x, y by definition, we might 
interchange the roles of x and y to assume a > 0, which in turn implies ^ > 0 and we 
are done. □ 

Lemma 4.5. Let T he d-admissihle, z £ dhdryJ^N^ and let C £ Vz satisfy zc £ dLl. 
There is 6 > 0 such that for every z £ Us(z) n 


|Vi/n(.)|>g(E^( 




uec 


where the constant ec > 0 is given hy 

( 


1 


if fl is not strictly convex, and by 


\ 


T.L-T. irxj 

\ iec i,j&c , 

\ / 


:= 


Y^n- Y. ir.r, 

ieC i,i6C 

^ rirj<o / 


instead, if it is strictly convex. 
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Proof. Note that in each case ec > 0 by the condition of ^-admissibility. There is 
5 > 0, such that Zj G Qs for any j £ C, z G U^{z) n We thus may consider the 

function 

: U^{z) n 9 z I—)• TT d{zj)‘^ G [0, oo) 

j&C 

and simply compute 

{VHn{z),V^c{z)) = 27r ^ {V,^Hn{z), d{zjMzj)) 

j&c 

= 27r^ (r^V/i(zj) + 2 ^ TiTjVzjG{zj,Zi)+ 0{l),d{zj)u{zj)\ 
j&c \ iec\{j} / 

= 27r'^{r‘jVh{zj),d{zj)u{zj)) + dvr ^ PiT^ {VzjG{zj, Zi),d{zj)u{zj)) + o(l) 
j&C 


i,j&C 


fee 


E r^rJA{z,,ZJ) + o{l) 

nan \^Gj) / : 


i,j&C 

Kj 


as z ^ z. Here we have used the fact that Vz-G{zj, Zi) = 0(1) for j £ G, i ^ C as 
z ^ z hy hypothesis |2.4[ 

In case fl is not strictly convex, we may estimate this by 

^Er|-2 E |r,r,l+o(l) = Er|- E \^^^j\+o{l) = 2ec + o{l) 


j&C iJ&C 

Kj 


j&C i,j&C 


as z —)• z by use of lemma 4.4 


If, on the other hand, H is strictly convex, we may again use lemma 4.4 and similarly 
conclude 

{VHn{z),V<^c{z)) > Ed -2 ^ iPjPjl -|- o(l) 

fee i,j&c 

Kj, rirj<o 


= ErE E |r*r,l+o(l) = 2ec + o(l) 

j&c i,jec 

r,rj<o 

as z ^ z. In any case we obtain that there is J G (0, 6) such that 

{^Hn{z),V^ciz))>ec 

for every z G Us{z) Pi TatII. 

On the other hand we have 


{VHn{z),V^ciz)) <\VHniz)\ • |V4>c(2)| = 27r- |VFn(z)| • Y^dizjf 





by simply applying the Cauchy-Schwarz-inequality, hence we obtain 





for every z G Us{z) H TjyQ and we are done. 


□ 


4.3 Proof of proposition |4.1 


Equipped with these estimates we now turn to the proof of proposition 4.1, which is 
comprised of the next few lemmata. 

Lemma 4.6. There is 5 > Q such that \VHq{z)\ > 1 for every z G Aig. 

Proof. Assume on the contrary that there are sequences (5„ — >■ 0, > 0 and z^ £ At s„ 
such that \VHq(z'^)\ < 1 for all n G N. Then, upon choosing a convergent subsequence, 
we may assume z” G Ug^{z) for some z G and every n G N. Now if z G d\ntFN^ 

there are no G N and C G CifPz) satisfying zc £ such that 




dvr 




> 


Cr 


\i&C 


47rv^5„ 


for every n > no by lemma 4.3 Similarly, if z G (9bdry.pAfP there are no G N and C £ Vz 
satisfying zc £ d^l such that 


\^Hn{zn\>"£{Y.dU 


n\2 


> 


ec 




27rY^|C[(5„ 


for every n > no by lemma 4.5 This, however, contradicts the fact that H^{z^)\ < 1 
for all n G N and the proof is done. □ 




Since Aig is a neighbourhood of OFn^ in P , this in particular shows that Hq satisfies 
the Palais-Smale-condition. 

Lemma 4.7. Let z £ satisfy 


lim HQ{(p{z,t)) = Co < oo. 

t^t+{z) 


Then t^{z) = oo. 

Proof. In general we have for G [0,^'■(z)), s <t and z^ := yp{z,t) 

\z^ - < j\VHQ{z'^)\dT < \VHQ{z'^)\‘^dT = y/t - s\JHq,{z^) - Hn{z^) 
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( 4 . 3 ) 


< y/\t - s\y/cQ- Hq,{z^) 


Now if t'^{z) < oo we may take the limit t —)• t'^{z) on the right hand side of (4.3) 
to obtain that for every e > 0 there is to £ and any G [to,t^(-2)), s < t: 

\z^ — z^\ < e, hence —)> z as t —)> t~^{z) for some z G ^ , since bl is compact. 

Let (5 > 0 be such that the consequences of lemmata |4.3| and 4.5 hold. 

If z G dhdryJ^N^ we find C £ Vz and to G [0,t^(z)) such that for every t G [to,t^('Z)) 

= (ViLn(^*), V$c(^')) > ec > 0, 

by application of lemma |4.5| which is a contradiction. 

If, on the other hand, z G we have C G C{Vz) as well as to £ such 

that for all t G [to, t“'"(2;)) 


ivff„o‘)i > ^ (E I".' 


dvr 


t 5 |2 


\iec 


by lemma 4.3 We thus may compute for s G [to, f''( 2 :)), t G {s,t'^{z)) 

t / \ — 


Hn{z^) - Hn{z^) > [ ^\VHn{z 


47r 


-zc\‘^ 


dr 


\iec 


Cr 

dvr 




\ieC 

t 


A -I 

dr > -— / vTcz 

dvr ./ 


\zl - zcl^ 

\i&C 


dr 


> 


dvr 


vrcz 


vrc(2;'^ - z) 

’ |vrc(2;^ - z)\ 




\i&C 


9l 

dvr 


(EiecK-^Cp) 


E 


ieC \ Zi 




f KEieC-i 

4vr 

■■ ■ ■ iGC\Zi 


dr 


"-zc\T" 


E 


- zcl"^) 


dr 




oo (t —>■ t^{z)), 


8^ EieC \zl-zc\‘^ 

contrary to our assumption. It follows that t~^{z) = oo, which is what we were to 
show. □ 


The next lemma finishes the proof of proposition 4.1 
Lemma 4.8. If there is z £ J-jsfH satisfying 

lim HQ{ip{z,t)) = Co < oo, 

t^t+{z) 

there is a sequence (z”) C TnII and a point z* £ such that z^ 

VHq,{z^) —>-0 as n ^ oo. 


z* and 
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Proof. Since = oo by lemma 4.7, consider a sequence (t„) C [ 0 , 00 ), —)■ 00 , 

such that z*" ^ z* as n —)■ 00 . 

Let us assume at first that there are no G N, <5 > 0, such that 6 < tn+i — tn and 
\VHq{z^)\ > for all n > no and for all t G [tn, tn + S], Then we have 


n n e 

Hn{z*") > Hn{z^^o) + j |ViLQ(z®)pds = iLn(2:*"o) + ^ ^00 (n00), 


3 =no 


3=no 


contrary to our main assumption. 

Thus there exists a sequence (5ri —>• 0, > 0 for all n G N, such that with := tn + 6n- 

\VHq{z^")\ < ;^. It follows that z^" —)• z* as n —)■ 00 because of (4.3), since |s„ — tn\ = 
6n —■ 0. Abbreviating z^" by z"’ we have VL7 q(z"') —>■ 0 as well as —)> z* as n —)• 00 . 
Lemma [4.6| now implies z* G J-n^ and the proof is hnished. □ 


This also finishes the proof of proposition |4.1[ All that is left to do for proving our 
main results concerning asymmetric domains is to provide a sort of linking argument for 
Hq, that is finding a point 2 ; G such that Hfi{z^) has a finite limit for t — )• 00 . This 


is done by applying lemma 3.5 within the next section 


5 Linking phenomena for Hq 

5.1 The simply connected case 


This subsection is concerned with the proof of theorem 2.12 


Let r be d- and A-admissible, and let T be T-admissible with corresponding permu¬ 
tation a. Reordering the vortices, we may without loss of generality assume that u = id 
and hence abbreviate ■= 

The theorem is trivial for N <2, for then Hq{z) —)• —00 for 2 ; —)• dit and consequently 
Hq assumes a local maximum in since h{zj) —>■ —00 for Zj —>■ dQ, j G {1,2} as 

well as TiT 2 G{zi, Z 2 ) —>■ —00 if jzi — 2 : 2 ] —)> 0, since rir 2 < 0. 

In what comes we thus consider the case N > 3 and begin to construct an explicit 
linking for 

Without loss of generality we may assume 0 G 12. Choose p > 0 such that Bj\fp{0) C 12. 
Define 

^0 ; T ^-2 ;= (^ 1)^-2 ^ 

70,l(Cl) • • ■ ! Cn- 2 ) ■= 0, 70,Ar(Cl> • ■ ■ ) Cn- 2 ) ■= (N - l)p, 

7o,j(Ci, ■ ■ ■, CiV- 2 ) = U - l)pCi-i, 

for j G {2,..., A" — 1}, where yoj denotes the j-th component of 70 . Setting 

To := {7GC°(T'^-2,A^L!) :7~7o}, 


we have the following 
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Figure 2: The action of the map 79 : Vortices are rotated in concentric circles around the 
point 0 G 0 . 


Lemma 5.1. For every 7 G Fo/ 7 (T^ n / 0- 


Proof. Let H : ^ x [0,1] — )■ TatH be a deformation from 70 to 7 . For t G [0,1] 

define 

ht : X [0,1]^"2 ^ 

by setting 

htAC^ s) := s,- [HjiC,t) - Hj+iiC,t)) + (1 - Sj) (^i+2(C,t) - Hj+iiC,t)) 

for j G V — 2}. Obviously 7(C) G TatH if and only if hi{C,s) = 0 for some 

s G [0,1]-^“^. Furthermore ht{C, s) / 0 for all s G 9 ([0,1]-^“^), t G [0,1], since H{C, t) G 
TatII, so the map 

:(T^-2x [0,1]^-2x [0,1],T^-2x9([0,1]^-2) x [0,1]) ^ (C^-2,C^-2\{0}) 

~gAs,t)--=ht{C,s) 

is well-defined and continuous. 

Using the Kiinneth-formula for the pair 

{X,A) := (T ^-2 X [o, 1]^-2,T^-2 X (9([0, ^ (T^"^ x £)^-2 ^t^-2 x 5^"^) 

we easily get that 

H2N-i (T^"^ X [0, 1^-2 ^jN-2 ^ Q ^ 


where we are using singular homology with coefficients in Z. Since 5 is a homotopy of 
pairs by (5.1), ht induces a homomorphism in homology 

h, : H2N-i (T^“" X [0, l]^-2,T^-2 X d ([0, l]^-^)) ^ H2N-i (C^-^ \ {0}) , 
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which is independent of t G [0,1]. We claim that the degree G Z of /iq is nonzero. 

Observe that /iq has a unique zero at p := (Co, so) := (l,..., 1, ..., . Abbreviating 

{Y, B) := (C^“^, \ {0}) we thus have the following commutative diagram: 


(A, A) -^- ^{Y,B) 



Ue(v)Ye{p)\{p}) 


where u in the middle is given by u : (A, A \ {p}) —)• (Y,B),x i—)• ho{x). Taking the 
(2A —4)-th homology, we notice that the restriction homomorphism i* is an isomorphism 
since A is the boundary of the 5-manifold A, where A \ A is orientable and i* maps a 
generator {A} of H 2 N-i{X, A), which is a fundamental class corresponding to a global 
orientation of A to a local orientation of A, i.e. a generator of the local homology group 
H 2 N- 4 {X, X \ {p}) of A. See, for example [26], chapter V, theorem 13.1 for further 
details and rigorous proofs. Since j* is an excision isomorphism, we have 


so we are done if the map tc* to the right is an isomorphism. But this is surely the case, 
as r(;*(l) G Z for small e > 0 is the local degree of the differentiable map ho at p and is 
nonzero, which can be easily computed as follows: We have (regarding -2 as M2A^-4) 


d 

dCj- 




ds 


-hojip) =-2p , 


whereas all the other partial derivatives vanish. Reordering the Jacobian of /iq at p, such 
that the first N — 2 rows correspond to the imaginary parts of the hoj , we get that 

^Ajsf 0 


Dho(p) = 


0 Bn 


where Bn = diag(—2p) G 2 )x(Af 2 )_ Developing the last N — 2 columns of 


detDho(p), and using multilinearity to get rid of the p-factors, we get 



-1 

1 0 



0 


1 

2 

— 2 - 

0 




0 

1 -3 

2 

0 


det D/io(p) = 2'^ ^abs 


0 

N-5 

2 

-(iV-4) ^ 

0 




0 

-iN-3) 

N-2 

2 


0 



0 ^-3 

^ 2 

-{N-2) 
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By looking at the first N — 3 rows of the above matrix, we see that if n G is in 

the kernel, v must have all components equal to some vq G M. The last row then implies 
that Vq = 0, hence det D/io(p) 7^ 0 and we are done. □ 


By applying lemma 3.5 to the homotopy class To, we get that there is G 


2 

such that Hq remains bounded along the trajectory of 70(C)- Since Hq satisfies the 
Palais-Smale-condition, the proof of theorem 2.12 is finished. 
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5.2 The case 7 ri(fi) 7 ^ 0 


This subsection is devoted to the proof of theorem 2.13 Hence let the paramter T be 
d- and A-admissible. 

Let 7 ri(H) 7 ^ 0, that is ko = rank 7 ri(H) > 1 and select a bounded component Hi of 
C \ H. Without loss of generality we may assume 0 G Hi. Defining 


5 := <{ 2 G J-tvH : Vj G {1,..., A} : ^ 


we have the following 

Lemma 5.2. is bounded from above. 

Proof. Hypothesis |2.1| implies that H satisfies an exterior ball condition, hence there 

the 

□ 


is p > 0 such that \zi — Zj\ > p for i,j G {1, ■.. ,N}, i 7 ^ j. Using hypothesis 
assertion is immediate. 


2.4 


Since H is a 9-manifold with (9Hi a component of 9H there exists a collar of 9Hi = S^, 
that is, an open neighborhood U of 9Hi in H and a homeomorphism 

/i ; X [0,1) ^ H 

satisfying h{S^ x {0}) = 9Hi. Setting 

•= 

for j G {1,...,A}, the hj are Jordan curves with disjoint images enclosing Hi. Thus 

'yo '.= h\ X ■ ■ ■ X h]sf : —> TjvH 

is well defined, and setting 

To := {7 : TjvH : 7 ~ 70 }, 


we have the following 
Lemma 5.3. For all 7 G Tq 


7 (T^) n 5 7^ 0. 


Proof. Let 7 G Pq, and let H : x [0,1] —>■ TjvH be a homotopy connecting 7 and 

70 . Setting 

r:H9zi-)>T^G5^, 

\z\ 

T := r X • • • X r : TjvH —)• T'^, 
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Figure 3: The action of the map 70 : Vortices are moved on equidistant trajectories 
around the hole fii. 


'I' is well-defined and continuous, and the assertion is equivalent to e G T( 7 (T'^)), where 
e = j ^ ^ G Now for every t G [0,1], the map /^ := T o H{-, t) induces a 

homomorphism 

/* : Z ^ Hn{T^) = Z, 

in singular homology which is independent of t. Since hj is a homeomorphism onto its 
image and hi ~ hj for i, j G {1, ..., N}, the map r o hj : ^ has winding number 

±1, hence induces an isomorphism (r o hj)^: = (r o hi)^ : hi{S^) —)• hi{S^). Now if 
{5^} G = Z is a generator, {T-^} = {5^} x • • • x {5"^} is a generator of H]\[{T^) 

and we compute 

/*({T^}) = (^'o7o)*({S'^}x---x{ 5^}) = ((ro/ii) X ••• X (r o h^))^ {{S^} x ■ ■ ■ x {S^}) 

= (r o hM{S^}) X • • • X (r o hM{S^}) = ±{<5^ x • • • x {5^ = ±{T^}, 

hence /* is an isomorphism. Now if e 0 'I'( 7 (T^)), the isomorphism /* factorizes over 
Hn{T^ \ {e})) that is we have a commutative diagram 

f 

Z ^ -- hfjv(T^) = Z 


where j : \ {e} T'^. Further we have the exact sequence 

Hn{T^ \ {e}) ^ ^ Hn{T^,T^ \ {e}). 
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The restriction homomorphism to the right is an isomorphism since is a compact 


orientable connected iV-dimensional manifold, see for example [25], chapter V, theorem 
12.1. Since the sequence is exact, we conclude that the homomorphism j* is trivial, 
which is a contradiction and the proof of 5.3 is complete. □ 


Equipped with the results of lemmata 5.2 and 5.3 we can now conclude via 3.5 that 
there is a point z G such that 


lim z)) < oo. 


Hence we are in the position to apply proposition 4.1 which implies that Hq has to have 


a critical point, and therefore the proof of theorem 2.13 is finished as well. 
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